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Introduction {#sec001}
============

An unprecedented abundance of data has significantly advanced our understanding of urban phenomena over the past few years \[[@pone.0233003.ref001]--[@pone.0233003.ref004]\]. These advances were also enabled by the work of many theorists from different areas, such as physicists, urbanists and complex systems scientists, among others, who brought new insights and theories to the field, resulting in a significant step towards a new science of cities \[[@pone.0233003.ref005]\].

A crucial finding concerns the scaling properties of urban systems. Empirical evidence has shown that an urban variable, *Y*, scales with the population size *N* of a city, obeying a power law of the kind *Y* ∝ *N*^*β*^, where *β* is the scaling exponent quantifying how the urban metric reacts to the population increase \[[@pone.0233003.ref006]--[@pone.0233003.ref012]\]. On the one hand, the data revealed that socioeconomic urban variables such as the number of patents, wages, and GDP present a *superlinear* behavior in relation to the population size (*β* \> 1). Using the language of economics, one might say that this kind of urban variables exhibits *increasing returns* to urban scale. On the other hand, infrastructure variables such as the length of streets and the number of gas stations scale *sublinearly* with the population size (*β* \< 1). Finally, there is a third class of variables related to individual basic services, such as household electrical and water consumption, and total employment, which scales linearly with population size (*β* ≈ 1).

Among the various attempts to explain such behavior in urban phenomena \[[@pone.0233003.ref013]--[@pone.0233003.ref015]\], one of the most successful was proposed by Bettencourt and colleagues \[[@pone.0233003.ref016]\]. Their theory proposes that urban scaling is a result of an interplay between urban density and diversity, which are related to economic competition and knowledge exchange, respectively. The value of a socioeconomic quantity would be a direct consequence of the number of human interactions in a city, which grows superlinearly with the population size \[[@pone.0233003.ref017]\]. On the other hand, infrastructure variables present scaling economies with the population size, in the sense that bigger cities need less infrastructure per capita. It results in a sublinear behaviour between infrastructure and population size. This urban scaling economy is analogous (but only qualitatively) to what happens in biological systems: larger animals are more economical energetically since they spend less energy per unit of mass \[[@pone.0233003.ref018]\].

Using large datasets, recent statistical findings on the superlinear behavior of cities seem to confirm earlier propositions and findings in spatial economics on agglomeration economies. A large body of work has empirically demonstrated the role of urban agglomeration in increasing returns to scale in different regional contexts \[[@pone.0233003.ref020]--[@pone.0233003.ref023], [@pone.0233003.ref054]\]. Efficiency increases when organizations progress from small-scale to large-scale production. Increasing returns provide an incentive to concentrate production, as transport costs are minimized by locations close to markets, and have an obvious centrality to urban patterns \[[@pone.0233003.ref019]\]. In addition to Marshall-Arrow-Romer scale externalities related to size, density and specialization \[[@pone.0233003.ref024]\], evidences of Jacobs' externalities have been found, as spatial effects of diversification on knowledge spill-overs across industries concentrated in cities \[[@pone.0233003.ref023], [@pone.0233003.ref025], [@pone.0233003.ref026]\]. To sum up, the interaction between firms and the individuals that compose a city results in innovation, economic growth, and returns to scale.

As these scaling laws have been observed in different countries \[[@pone.0233003.ref006]--[@pone.0233003.ref008], [@pone.0233003.ref010], [@pone.0233003.ref027]--[@pone.0233003.ref032]\] and periods of time \[[@pone.0233003.ref033], [@pone.0233003.ref034]\], some works also claimed that such patterns are, in fact, the manifestation of a universal law that would generally govern cities regardless of their context, culture, geography, level of technology, policies or history \[[@pone.0233003.ref009], [@pone.0233003.ref016], [@pone.0233003.ref017], [@pone.0233003.ref030]--[@pone.0233003.ref032]\]. According to this proposition, in the long term, the general performance of a particular city would be largely independent of individual political choices. However, the universality proposition has been challenged, either by counter-evidence \[[@pone.0233003.ref010], [@pone.0233003.ref028], [@pone.0233003.ref035]--[@pone.0233003.ref037]\], or by methodological arguments \[[@pone.0233003.ref038]--[@pone.0233003.ref042]\]. Thus, the universality proposition is still an open question both from the methodological and the theoretical point of views. Addressing this issue is important in urban science also because the validation of such universal dynamics could help urban policymakers to identify opportunities to improve urban metrics. For instance, Alves et al. \[[@pone.0233003.ref043]\] have proposed a new index based on scaling laws instead of per-capita analysis to classify levels of economic efficiency of cities; Youn et al. \[[@pone.0233003.ref044]\] identify the relative abundance of business and economic differentiation according to city size; and Ribeiro et al. \[[@pone.0233003.ref017]\] discuss how improvements in mobility, connections mobility between people, and scaling properties can contribute to production processes in cities (see also \[[@pone.0233003.ref009], [@pone.0233003.ref045], [@pone.0233003.ref046]\]).

A key open question is the difference between the scaling properties of *single* cities and *sets* of cities. In short, does an individual city growing in time follow the same scaling pattern observed for a snapshot of a group of cities? In the last years, few works have accurately focused on the dynamics of individual cities \[[@pone.0233003.ref047]--[@pone.0233003.ref051]\], while a growing literature has been concentrating on the scaling properties of sets of cities. We call the former *longitudinal* scaling properties, which take into account the evolution of individual cities in time, and the latter *transversal* scaling across an urban system, i.e., computed from the set of cities that compose the system. Some recent works addressed this issue, reaching no unanimous conclusion. For example, Depersin and Barthelemy analyzed the scaling exponent in time for delays in traffic congestion in 101 US cities, and found longitudinal scaling to be path-dependent on the individual evolution of cities and unrelated to the transversal scaling, challenging the universality proposition \[[@pone.0233003.ref049]\]. In turn, Hong et al. argued that longitudinal and transversal exponents are correlated, but it is essential to eliminate global effects to properly measure the longitudinal scaling exponent \[[@pone.0233003.ref050]\]. Another work has found that the power-law scaling of 32 major cities in China could adequately be characterized for both transversal and longitudinal scaling \[[@pone.0233003.ref051]\]. More recent work also analyzed the issue for the wage income in Sweeden and found superlinear scaling for both longitudinal and transversal scaling, but the former was characterized by larger scaling exponents \[[@pone.0233003.ref048]\]. Most recently, Bettencourt et al. \[[@pone.0233003.ref047]\] proposed a mathematical analysis that shows explicitly how to connect the transversal and longitudinal exponent.

Here, we will present our analysis of the transversal and longitudinal behavior of GDP and water network length (socio-economic and infrastructure variables, respectively) for more than 5500 Brazilian cities. Our main results show that the longitudinal scaling exponents are different from each other, as suggested by Depersin and Barthelemy's work \[[@pone.0233003.ref049]\], but they are distributed around an average that approaches the transversal scaling exponent when the data is decomposed to eliminate external factors and when we consider only subsets of cities with a sufficiently large growth rate. Such results support the idea that the longitudinal dynamics is a micro-scaling version of the transversal dynamics of the entire urban system.

The paper is organized as follows: having posed the research problem in this section, we shall unfold our method and data used to assess the evolution of two different urban metrics in section *Materials and methods*. Section *Empirical Evidence* brings results from our data analysis for both transversal and longitudinal scaling for our studied variables, namely GDP and water network length as a function of population size in different periods of time (from 1998 to 2014) for all Brazilian cities. Section *Theoretical Approach* describes the dynamics of such properties as an analogous problem of particles in a vector field, applied in a way to render the relation between longitudinal and transversal scaling exponents clearer. It also explores the implications of our findings, along with potential contributions. Finally, we summarize our findings in section *Conclusions*.

Materials and methods {#sec002}
=====================

Data of the Brazilian urban system and its scaling properties {#sec003}
-------------------------------------------------------------

The available data (see spreadsheet in the supplementary material (SM)) cover all 5570 Brazilian municipalities. Data was collected from the website of the Brazilian Institute of Geography and Statistics (IBGE) Instituto Brasileiro de Geografia e Estatística, <https://www.ibge.gov.br/> and from the water-sewage-waste companies national survey (SNIS) SNIS: National system of information on sanitation. Electronic version: app.cidades.gov.br/serieHistorica/. To be sure, 'municipality' is a political and territorial definition used for administrative purposes in Brazil, and it includes both urban and rural areas within those borders. It does not necessarily represent *urban functional areas*, which eventually go beyond such borders, in conurbations. Therefore, we defined the urban unit of analysis as an aggregate set of municipalities that work as an integrated spatial and micro-economic agglomeration, i.e. sufficiently close to each other to form a single, continuous urban unit or formation. Each set aggregates the information of all municipalities that belong to it. By far, most of these sets are formed by a single municipality, but some of the biggest Brazilian urban agglomerations are formed by more than one municipality, aggregated in metropolitan conurbations. This definition has led us from 5570 administrative municipalities to 5507 urban agglomerations as 'aggregate sets of municipalities', which hereafter we will refer to simply as *cities*.

This approach will be restricted to two urban metrics, one for each scaling regime: (i) *GDP*, a socio-economic variable that typically presents a superlinear behavior with the population size, and (ii)*water supply network length*, an infrastructure variable which typically finds a sublinear behavior.

A recent work \[[@pone.0233003.ref010]\] has shown that over 60 variables for the Brazilian urban system are well described by a power-law equation of the form: $$\begin{array}{r}
{Y_{i}\left( t \right) = Y_{0}\left( t \right)N_{i}\left( t \right)^{\beta_{T}}.} \\
\end{array}$$ Here, the time-dependent variables *Y*~*i*~(*t*) and *N*~*i*~(*t*) are relative to the city *i*; the former represents some urban metric (for instance GDP or water network length), and the latter represents the city population size. The two parameters in [Eq (1)](#pone.0233003.e001){ref-type="disp-formula"} are the intercept parameter *Y*~0~(*t*) and the transversal scaling exponent *β*~*T*~, which are obtained by the fit of this power law with the urban system data in a specific time *t*. These two parameters have to do with the *macro-scale* properties of the urban system and, at first, do not represent the particularities of a single city---the *micro-scale*. As we will show in the next sections, the intercept parameter is a time-dependent variable, while the transversal scaling exponent can or cannot be time-dependent.

Results and discussion {#sec004}
======================

Empirical evidence {#sec005}
------------------

### Transversal scaling {#sec006}

[Fig 1](#pone.0233003.g001){ref-type="fig"} shows the GDP as a function of the population size for different years (from 1998 to 2014) in Brazilian cities. The straight lines in [Fig 1](#pone.0233003.g001){ref-type="fig"} are the best fit, by the maximum likelihood method Here we consider that the probability *P*\[*Y*\|*N*\] for a specific city *i* obeys a log-normal distribution with expected value $E\left\lbrack Y_{i} \middle| N_{i} \right\rbrack = Y_{0}N_{i}^{\beta}$. Then the log-likelihood for all cities, from the data set {(*Y~i~*, *N~i~*)}~*i*~, is given by ln $\mathcal{L} = \Sigma_{i}\text{ln}\mspace{360mu} P\left\lbrack Y_{i} \middle| N_{i} \right\rbrack\propto\Sigma_{i}\left( {\text{ln}\mspace{360mu}\alpha N_{i}^{\beta} - \text{ln}\mspace{360mu} Y_{i}} \right)$, where the sum is over all the cities of the system. Then, we use Nelder-Mead method to find *α* and *β* which maximize ln $\mathcal{L}$. Some works in the recent literature suggest this methodology, as for instance \[[@pone.0233003.ref031], [@pone.0233003.ref052], [@pone.0233003.ref053]\]., of the [Eq (1)](#pone.0233003.e001){ref-type="disp-formula"} for different years. The transversal scaling exponent *β*~*T*~ (the slope) of each line in [Fig 1](#pone.0233003.g001){ref-type="fig"} is always greater than one, indicating a persistent superlinear behavior. Moreover, the best fit lines are visually parallel, that is, *β*~*T*~ is approximately constant, even with the time evolution of the cities, which reveals the robustness of the scaling exponent (see the video in the supplementary material SM2). These facts can be observed in more detail in [Fig 2-a](#pone.0233003.g002){ref-type="fig"}, which presents the time evolution of *β*~*T*~, which stays approximately constant even with the intercept parameter *Y*~0~(*t*) continuously increasing with time (see [Fig 2-b](#pone.0233003.g002){ref-type="fig"}).

![Transversal scaling of GDP.\
Scaling relation between population and GDP of Brazilian cities, from 1998 (blue) to 2014 (yellow). The straight lines are the best power-law equation fits for each year (by the maximum likelihood method). The straight lines are virtually parallel, which shows that the transversal scaling exponent is constant and robust. The scaling exponent is always greater than 1 for all years, with a mean ${\overline{\beta}}_{T} = 1.04$. It reveals a superlinear scaling property, compatible with the fact that the GDP is a socio-economic urban variable. The numeric time evolution of the transversal scaling exponent and the intercept parameter are shown in [Fig 2](#pone.0233003.g002){ref-type="fig"}.](pone.0233003.g001){#pone.0233003.g001}

![Time evolution of transversal scaling.\
a) Time evolution of the transversal scaling exponent *β*~*T*~ for the GDP (green) and water supply network length (blue) for Brazilian cities. In the GDP case, there is no significant change of this parameter over the years and the regime (superlinear) is always sustained. In the case of water supply network length, *β*~*T*~ is always smaller than 1, which is expected, given the infrastructure nature of this metric, and it is decreasing over time. b) and c) present the time evolution of the intercept parameter *Y*~0~(*t*) for GDP and water supply network length, respectively. The intercept parameter is constantly growing for both urban metrics.](pone.0233003.g002){#pone.0233003.g002}

[Fig 2](#pone.0233003.g002){ref-type="fig"} also presents the time evolution of the transversal scaling exponent *β*~*T*~ for the water supply network length (in blue). In this case, *β*~*T*~ is not constant and decreases over time, as seen in [Fig 2-a](#pone.0233003.g002){ref-type="fig"} while remaining smaller than 1, which is expected given it refers to an infrastructure variable. According to the available data, it is hard to establish whether its value will stabilize or not. The fact that this variable is not constant could suggest that the urban system is still out of balance with respect to this urban metric, as suggested by Pumain et al.'s theory \[[@pone.0233003.ref014]\]. Moreover, the data suggest that the intercept parameter *Y*~0~(*t*) of this urban metric, as it was observed in GDP, maintains a continuous growth through the observed time frame (see [Fig 2-c](#pone.0233003.g002){ref-type="fig"}).

### Longitudinal scaling {#sec007}

We now focus on the individual evolution of Brazilian cities. [Fig 3](#pone.0233003.g003){ref-type="fig"} presents different ways of observing the longitudinal dynamics of the GDP and city population size. [Fig 3-a](#pone.0233003.g003){ref-type="fig"} presents the raw longitudinal trajectories, while [Fig 3-b](#pone.0233003.g003){ref-type="fig"} presents them re-scaled as *Y*~*i*~(*t*)/*Y*~*i*~(*t*~0~), as a function of *N*~*i*~(*t*)/*N*~*i*~(*t*~0~), following the idea proposed in \[[@pone.0233003.ref049]\]. The re-scaled form allows us to compare in one single image the slopes of the cities' trajectories. Here, *t*~0~ is the first year that the data is available. One can see that cities experience different slopes, and in all cases, the exponent is greater than the transversal one (given by *β*~*T*~ and represented by the dark red line in [Fig 3-b](#pone.0233003.g003){ref-type="fig"}). Similar evidence was reported recently by Depersin and Barthelemy \[[@pone.0233003.ref049]\], which analyzed the temporal dynamics of delay in traffic congestion in US cities. They observed that the individual dynamics do not collapse in a single and universal curve, and suggested that longitudinal scaling in cities is not governed by a single universal scaling exponent as the global system is. However, the data that we are analysing here suggest the longitudinal exponents are distributed around an average value which is compatible with the transversal scaling exponent if some restrictions are satisfied.

![Normalization of longitudinal scaling.\
Different ways to see the longitudinal dynamics of GDP and population size for all Brazilian cities. Each trajectory represents the time evolution of one single urban area, from the year 1998 to 2014. a) log-log plot of the time evolution of the raw data of GDP as a function of population size. The dark red straight line is the power-law equation, with the average transversal scaling exponent ${\overline{\beta}}_{T} = 1.04$. b) log-log plot of the re-scaled form of the longitudinal dynamics, which allows us to compare the slopes of the cities' trajectory. This graph shows us that cities have different slopes, and they are greater than ${\overline{\beta}}_{T}$, represented by the dark red line. c) Decomposed longitudinal trajectory, which allows seeing the dynamics without global effects. d) Decomposed and re-scaled form of the longitudinal dynamics, which shows that the individual slopes are compatible with the transversal scaling exponent, represented by the dark red line. The distribution of the individual slopes (for raw and decomposed data) can be seen in [Fig 4](#pone.0233003.g004){ref-type="fig"}.](pone.0233003.g003){#pone.0233003.g003}

Individual cities are being pushed by the growth of the global intercept parameter *Y*~*i*~(*t*) and will rise in the ln *Y*−x−ln *N* plane, having higher slopes than the global one. One way to deal with this is to *decompose* the longitudinal trajectory, graphing not ln *Y*~*i*~(*t*) in the ordinate, but instead, ln *Y*~*i*~(*t*) − ln *Y*~0~(*t*), that is ln(*Y*~*i*~(*t*)/*Y*~0~(*t*)), in order to eliminate global effects, as suggested by \[[@pone.0233003.ref050]\]. The decomposed longitudinal trajectory is shown in [Fig 3-c](#pone.0233003.g003){ref-type="fig"}, and its re-scaled form is presented in [Fig 3-d](#pone.0233003.g003){ref-type="fig"}. The slopes observed on the decomposed and re-scaled form of the longitudinal trajectories are compatible with the transversal slope, represented by the dark red line in [Fig (3-d)](#pone.0233003.g003){ref-type="fig"}.

Let us call *β*~*i*~ the scaling exponent of the *i*-th city, that is, the slope of the (raw) trajectories described in [Fig 3a and 3b](#pone.0233003.g003){ref-type="fig"} calculated using the longitudinal evolution of *Y*~*i*~(*t*) with *N*~*i*~(*t*). Similarly, we can compute the individual decomposed scaling exponent, say $\beta_{i}^{dec}$, with the decomposed longitudinal trajectory described in [Fig 3c and 3d](#pone.0233003.g003){ref-type="fig"}. [Fig 4](#pone.0233003.g004){ref-type="fig"} presents the distribution of the individual slope, for both sets {*β*~*i*~}~*i*~ and $\left\{ \beta_{i}^{dec} \right\}_{i}$, for GDP and water supply network length, for all studied cities. One can see that the decomposed individual slopes for GDP are distributed around the global slope, suggesting that the decomposed version of individual trajectories recover the transversal phenomena for GDP in Brazilian cities. Moreover, it suggests that regardless of each municipality having different dynamics, that is, different longitudinal scaling exponents $\beta_{i}^{dec}$, their distribution presents a mean value compatible with the transversal scaling exponent.

![Histogram of the longitudinal scaling exponent sets {*β*~*i*~}~*i*~ (raw data) and $\left\{ \beta_{i}^{dec} \right\}_{i}$ (decomposed data) for GDP and water network length for the Brazilian cities.\
For GDP (on the left), the decomposed data is distributed around the transversal scaling exponent *β*~*T*~ (vertical dashed line), suggesting that it makes sense to decompose this urban variable. However, in the case of water network length (on the right), the distribution of the raw (non-decomposed) data is closer to the global slope than the distribution of the decomposed one, suggesting that decomposition is not working for this urban variable.](pone.0233003.g004){#pone.0233003.g004}

However, in the case of the water supply network length, the average of the distribution of the non-decomposed data is closer to the transversal slope than the decomposed one, suggesting that decomposition does not recover the transversal scaling exponent for every urban variable. This may be the case since the transversal scaling exponent *β*~*T*~ for water network length is not stable across the studied years. These results suggest that the decomposition alone is not enough to infer that the individual and the global systems follow the same scaling properties in every case. In the next sections, we will introduce a theoretical approach that suggests that, in order to have an agreement between transversal and longitudinal scaling, it is necessary to consider a new ingredient: *the city growth rate*.

Theoretical approach {#sec008}
--------------------

In this section, we introduce a theoretical approach to describe the dynamics of urban metrics. In order to do so, we will treat the dynamics as an analogous problem of particles in a vector field. [Fig 5](#pone.0233003.g005){ref-type="fig"} presents the plane ln *Y*-x-ln *N* and the two-dimensional "movement" of one single city---a "particle"---as a result of the *vectors* acting in the horizontal or vertical direction.

![Plane ln *Y*-x-ln *N*, representing the "movement" of the city as a particle in a vector field.\
In the horizontal direction, we have the vector (green) that represents the increase in population size. In the vertical direction there is the action of two vectors: *F*~*int*~ (red), which is an extensive quantity whose magnitude is a direct response to the increment of the population size related to an agglomeration effect between the individuals that live in this single city; and *F*~*ext*~ (blue), which is the vector related to some external aspects, or the interaction between the individuals from this city with individuals of other cities, or some individual incorporated ability. The action of this vector field during a time interval Δ*t* conducts to a "displacement" Δ*r*(*t*) of this city (or particle) in this two-dimensional plane. The two parallel lines are given by the global system (transversal) power law ([Eq (1)](#pone.0233003.e001){ref-type="disp-formula"}) in *t* and *t* + Δ*t*.](pone.0233003.g005){#pone.0233003.g005}

In the horizontal direction there is a vector representing an increase in the city's population size. It is colored in green in [Fig 5](#pone.0233003.g005){ref-type="fig"} and has a magnitude Δln *N*~*i*~(*t*), where we have introduced the compacted notation: $$\begin{array}{r}
{\Delta\text{ln}\mspace{360mu} N_{i}\left( t \right) \equiv \text{ln}\mspace{360mu} N_{i}\left( t + \Delta t \right) - \text{ln}\mspace{360mu} N_{i}\left( t \right),} \\
\end{array}$$ as suggested in \[[@pone.0233003.ref050]\]. In the vertical direction of this plane, we have vectors acting on the increment of the urban metric (GDP or water supply network length, for instance). We will consider, by hypothesis, that there are at least two distinct vectors acting in this direction. The first, let's say *F*~*int*~, represented by the red vector in [Fig 5](#pone.0233003.g005){ref-type="fig"}, is an *extensive* quantity whose magnitude is a direct response to the increase in population size. This vector has to do with the *agglomeration effect* stemming from the interaction between individuals or agencies located in this single city. The second, let's say *F*~*ext*~, represented by the blue vector in [Fig 5](#pone.0233003.g005){ref-type="fig"}, is the result of all external mechanisms such as, for instance, some wealth/knowledge that comes from other cities or regions; it can also represent the result of the interaction between individuals located in this single city with dwellers from other cities; or even some incorporated ability that increases individual productivity. This vectorial approach can be seen as a technical possibility to separate in two parts the forces acting in an urban metric: one that is pure scaling (internal factors); and the other that is the result of public policies or other external factors.

Therefore, the resulting vector acting on the vertical direction of the plane, say *F*~*tot*~, is the sum of these two vectors, that is: $$\begin{array}{r}
{F_{tot} = F_{int} + F_{ext},} \\
\end{array}$$ which has a magnitude $$\begin{array}{r}
{F_{tot} = \Delta\text{ln}\mspace{360mu} Y_{i}\left( t \right) \equiv \text{ln}\mspace{360mu} Y_{i}\left( t + \Delta t \right) - \text{ln}\mspace{360mu} Y_{i}\left( t \right).} \\
\end{array}$$

The action of these vector fields (in the horizontal and vertical directions) during a time interval Δ*t* conducts to a "displacement" Δ*r*(*t*) of this city (or particle) in the two-dimensional plane ln *Y*-x-ln *N*.

Now let us try to identify these vectors with the empirical variables available. The data presented in the previous section suggest that we have an empirical law that governs cities, which can be described by the expression ([1](#pone.0233003.e001){ref-type="disp-formula"}). If this equation is a law, then any theory that is formulated to describe scaling properties in cities must be constrained to follow it. As this equation holds for any time *t*, we can write it for the next time instant *t* + Δ*t*, that is: $$\begin{array}{r}
{Y_{i}\left( t + \Delta t \right) = Y_{0}\left( t + \Delta t \right)N_{i}\left( t + \Delta t \right)^{\beta_{T}{(t + \Delta t)}}.} \\
\end{array}$$

Then, by extracting the logarithm of the ratio *Y*~*i*~(*t* + Δ*t*)/*Y*~*i*~(*t*) and using Eqs ([1](#pone.0233003.e001){ref-type="disp-formula"}) and ([5](#pone.0233003.e015){ref-type="disp-formula"}) we are conducted to: $$\begin{array}{r}
{\Delta\text{log}\mspace{360mu} Y_{i}\left( t \right) = \text{log}\mspace{360mu}\left( \frac{Y_{0}\left( t + \Delta t \right)}{Y_{0}\left( t \right)} \right) + \left( {\overline{\beta}}_{T} + \epsilon \right)\Delta\text{log}\mspace{360mu} N_{i}\left( t \right).} \\
\end{array}$$ where we used the compacted forms defined on ([2](#pone.0233003.e012){ref-type="disp-formula"}) and ([4](#pone.0233003.e014){ref-type="disp-formula"}). Moreover, we also introduced ${\overline{\beta}}_{T}$ as the average value of the transversal exponent during the time interval Δ*t*, and the parameter *ϵ*, which is a quantity proportional to the difference *β*~*T*~(*t* + Δ*t*) − *β*~*T*~(*t*). In fact, the data analysis suggests that *ϵ* is sufficiently small for the cases we are studying here, so it will be neglected in our analyses. When *β*~*T*~(*t*) is constant, as it is approximately the case for GDP dynamics, then *ϵ* = 0.

The elements of [Eq (6)](#pone.0233003.e016){ref-type="disp-formula"} can be identified with the vectors presented in [Fig 5](#pone.0233003.g005){ref-type="fig"} and consequently with [Eq (3)](#pone.0233003.e013){ref-type="disp-formula"}. It allows us to identify: $$\begin{array}{r}
{F_{ext} = \text{log}\mspace{360mu}\left( \frac{Y_{0}\left( t + \Delta t \right)}{Y_{0}\left( t \right)} \right)} \\
\end{array}$$ and $$\begin{array}{r}
{F_{int} = \left( {\overline{\beta}}_{T} + \epsilon \right)\Delta\text{log}\mspace{360mu} N\left( t \right).} \\
\end{array}$$

The external vector, since it is directly computed from the ratio between the final and initial intercept parameter, can be interpreted as a measurement of the global growth of the urban metric. In this sense, the value given by ([7](#pone.0233003.e018){ref-type="disp-formula"}) is an average value of the external vector. That is: typically, a city in the system has an external vector magnitude given by the value computed from ([7](#pone.0233003.e018){ref-type="disp-formula"}). In the previous section, when we decomposed each city's evolution into a relative change, we removed external factors acting on each city and considering only internal factors (the ones that come from agglomeration/scaling effects). However, we also saw that decomposition alone is not sufficient to establish a general relation between transversal and longitudinal scaling. In relation to the magnitude of the internal vector, it is an extensive variable; that is, it is a direct response to the increase of the population size. These results suggest that, in order for the urban metric to depend only on the population size (under the form $Y = \text{cte} \cdot N^{\beta_{T}}$), it is necessary for *β*~*T*~ to be constant (*ϵ* → 0) and *F*~*ext*~ → 0, which means absence of global growth. That can be the case for some urban metrics, but of course, it is not the case for GDP and many other variables. Our theoretical approach suggest that $\overline{\beta_{i}^{dec}} \neq \beta_{T}$ when *ϵ* ≠ 0, which was observed in our empirical data for the water supply network length.

### Relation between transversal and longitudinal scaling exponents {#sec009}

With the approach presented above, it is possible to write a relation between the transversal and the longitudinal scaling exponent. Given that the longitudinal scaling exponent *β*~*i*~ is obtained by: $$\begin{array}{r}
{\beta_{i} = \frac{\Delta\text{ln}\mspace{360mu} Y_{i}\left( t \right)}{\Delta\text{ln}\mspace{360mu} N_{i}\left( t \right)},} \\
\end{array}$$ then if we divide [Eq (6)](#pone.0233003.e016){ref-type="disp-formula"} by Δln *N*~*i*~(*t*), we have: $$\begin{array}{r}
{\beta_{i} = \beta_{T} + \epsilon + \frac{F_{ext}}{\text{ln}\mspace{360mu} b_{i}},} \\
\end{array}$$ where *b*~*i*~ ≡ *N*~*i*~(*t* + Δ*t*)/*N*~*i*~(*t*) is the city population growth rate. The graphs in [Fig 6](#pone.0233003.g006){ref-type="fig"} show that this result works very well when we analyze *β*~*i*~ as a function of *b*~*i*~, for both GDP and water supply network length for the studied municipalities. It shows a strong dependence between these two variables. The [Eq 10](#pone.0233003.e023){ref-type="disp-formula"} also establishes a quantitative relation between transversal and longitudinal scaling, but one that only makes sense if *b~i~* ≠ 1. In short, it only works for cities that sufficiently grow during a time interval. It is important to note that cities that have a small growth rate (*b~i~* ≈ 1) will present a divergent or unstable longitudinal scaling exponent. Those cases behave differently from the pattern uncovered by our approach. This result ([10](#pone.0233003.e023){ref-type="disp-formula"}) was also obtained by Bettencourt et al. \[[@pone.0233003.ref047]\] using a slightly different approach.

![Graph of *β*~*i*~ as a function of the population growth rate *b*~*i*~.\
GDP (on the left) and water network length (on the right). Each dot represents the data of a single Brazilian city and the red curve is the theoretical prediction given by [Eq (10)](#pone.0233003.e023){ref-type="disp-formula"} using: *ϵ* = 0 for both cases; *β*~*T*~ = 1.15 for GDP; and *β*~*T*~ = 0.9 for water network length. This result illustrates the strong dependence between the longitudinal scaling exponent and the population growth rate of the city. It also suggests that cities with bigger *β*~*i*~ are the ones with little or no growth (*b*~*i*~ ≈ 1). Moreover, *b*~*i*~ \< 1 (decreasing population) implies a negative *β*~*i*~.](pone.0233003.g006){#pone.0233003.g006}

The result ([10](#pone.0233003.e023){ref-type="disp-formula"}) also suggests that if *F*~*ext*~ \> 0 and *b*~*i*~ \> 1, which means that both the intercept parameter (global growth) and the population are growing in time, then *β*~*i*~ will always be greater than the global exponent *β*~*T*~. The increment in the intercept implies a more accentuated slope of the city trajectory in the plane ln *Y*-x-ln *N* (that is, bigger *β*~*i*~) in relation to the transversal trajectory (related to *β*~*T*~), in accordance with empirical observations brought by our study as well as other evidences available in recent literature \[[@pone.0233003.ref049]--[@pone.0233003.ref051]\]. To sum up, the transversal and longitudinal scaling exponent will only be the same when: *F*~*ext*~ = 0, that means only internal factors (agglomeration/scaling effects) are acting on the system;*ϵ* = 0, that means that *β*~*T*~ is constant;*b*~*i*~ ≠ 1, i.e., population must to have a sufficient growth.

This conclusion is in agreement with \[[@pone.0233003.ref047]\].

Another interesting aspect is that, according to the plot presented in [Fig 6](#pone.0233003.g006){ref-type="fig"}, [Eq (10)](#pone.0233003.e023){ref-type="disp-formula"} is compatible with the data even for diminishing cities (*b~i~* \< 1). That is, the relation between *β~i~* and *b~i~* also works for negative population growth. However, this result does not allow us to reach a definitive conclusion about the transversal and logitudinal scaling for diminishing cities. The vast majority of the Brazilian shrinking cities have small population sizes, Data shows that 70% of declining Brazilian cities have less than 10,000 inhabitants, and only 3 of them have more than 100,000 inhabitants. a growth rate around *b*~*i*~ = 1 and consequently an unstable longitudinal scaling exponent.

In urban scaling analysis, it is important to know the value of the scaling exponent. Since the exponent shows how the urban metric reacts to an increase in population, it gives us the efficiency and productivity of the city or the urban system (given by *β*~*i*~ and *β*~*T*~, respectively). For instance, in socio-economic variables, larger values of *β* mean a more productive city, and for infrastructure variable, smaller values means a more efficient city. However, in the context we are analyzing, cities with very large values of *β*~*i*~ are not necessarily more productive. In fact, large values of scaling exponents are related to cities with a very low growth rate (according to [Eq (9)](#pone.0233003.e022){ref-type="disp-formula"}), so the raw value of *β*~*i*~ is not useful if the purpose is to see how productivity or scaling economies emerge.

However, we believe that when the value of *β*~*i*~ has a sufficiently large population growth rate, it will inform about the city's internal efficiency. In order to investigate this, we computed the average values of the longitudinal scaling exponents $\overline{\beta_{i}}$, using only cities with *b*~*i*~ greater than a threshold *b*~*c*~, and later built the graph presented in [Fig 7](#pone.0233003.g007){ref-type="fig"}, where we can see that $\overline{\beta_{i}}$ decreases drastically for greater values of *b*~*c*~, approaching the transversal exponent value for both GDP and water network length. This result suggests that when we consider a city that has grown significantly during the time period analyzed, it is relevant to understand its longitudinal scaling growth properties as a microscopic version of the macroscopic growth of the urban system. Another important aspect of these findings is that only *decomposition* is not enough to link globally with longitudinal scaling, as highlighted in the last section. In fact, decomposition only makes sense if we consider cities with sufficient growth in a given period of time, or with constant transversal scaling exponent *β*~*T*~ (*ϵ* ≠ 0).

![Mean value of the longitudinal scaling exponent as a function of the growth rate threshold *b*~*c*~.\
For GDP (plot A) and water network length (plot B). The parameter *b*~*c*~ delimits the cities that will be used to compute the average. The mean value of $\overline{\beta_{i}}$ decreases drastically as *b*~*c*~ increases. Moreover the greater *b*~*c*~ is the more $\overline{\beta_{i}}$ approaches to *β*~*T*~ (represented by the dashed line). It's reasonable to think that in an ideal situation with no external forces and with a significant number of cities with the larger growth rate for better statistics, the average of the longitudinal scaling exponent will converge to the value of the transversal scaling exponent. Plot C: number of metropolitan areas used to compute the mean as a function of *b*~*c*~. This number is drastically smaller for greater *b*~*c*~ values.](pone.0233003.g007){#pone.0233003.g007}

The results presented here must be confronted with more urban metrics and other countries. Moreover, a problem resulting from the approach presented in this section concerns the small number of municipalities that present *b*~*c*~ sufficiently large. For instance, in order to compute the average $\overline{\beta_{i}}$ for *b*~*c*~ = 4 we used only 13 cities (see [Fig 7-c](#pone.0233003.g007){ref-type="fig"}). The statistics could be improved if we were studying an urban system with more cities experiencing higher growth rates, but maybe such systems don't even exist. Thus, a more feasible situation for future analyses consists of finding a way to normalize the longitudinal scaling exponent to the city's growth rate.

### The external vector {#sec010}

[Eq (7)](#pone.0233003.e018){ref-type="disp-formula"} represents the average magnitude of the external vector, i.e. a city within the system will have an external vector with magnitude typically given by this value. However, it is interesting to discuss the specific external vector value acting on an individual city. This is a very difficult matter to be resolved given that it involves particularities of each city, but we can infer this answer from the data that we have available. For instance, we can use the result given by [Eq (10)](#pone.0233003.e023){ref-type="disp-formula"} to infer the external vector $F_{ext}^{i}$ relative to the *i*-th city. That is, we can write that: $$\begin{array}{r}
{F_{ext}^{i} = \left( \beta_{i} - \beta_{T} - \epsilon \right)\mspace{360mu}\text{ln}\mspace{360mu} b_{i},} \\
\end{array}$$ and if *β*~*T*~, *β*~*i*~ (given by [Eq (9)](#pone.0233003.e022){ref-type="disp-formula"}) and *b*~*i*~ are known, then it is possible to estimate (assuming *ϵ* ≈ 0) the individual external vector. That is the case presented by [Fig 8](#pone.0233003.g008){ref-type="fig"}, where each dot represents the value obtained for the external vector of a single city, for both GDP and water network length.

![Magnitude of the external vector as a function of city population size.\
On the left, we have data referring to GDP and on the right to water network length. The dots represent $F_{ext}^{i}$ computed from the expression ([11](#pone.0233003.e030){ref-type="disp-formula"}) while the red line represents the average magnitude of this vector over the system, computed by the expression ([7](#pone.0233003.e018){ref-type="disp-formula"}). The dashed line is *F*~*ext*~ = 0. In the case of GDP, the municipality subsets of all sizes are distributed around the average value, but in the case of the water network length, the greater subsets presented external vector smaller than the average. These particularities imply different dynamics of the transversal scaling exponent, as shown in [Fig 9](#pone.0233003.g009){ref-type="fig"}.](pone.0233003.g008){#pone.0233003.g008}

[Fig 8](#pone.0233003.g008){ref-type="fig"} also brings the comparison between this individual and the average external vector magnitudes. It suggests an interesting aspect differentiating these two urban metrics' dynamics. In the case of GDP, cities of all sizes are distributed around the average magnitude of the external vector. However, in the case of water supply network length, bigger cities show external vectors smaller than the average. These characteristics imply different dynamics with respect to the transversal exponent, according to the schematic drawing in [Fig 9](#pone.0233003.g009){ref-type="fig"}, which presents the plane ln *Y*-x-ln *N* with two scenarios for the external vectors. In the first scenario, the external vector is approximately the same for all cities of the system, regardless of their size; it implies that the slope of the fit line (in ln *Y*-x-ln *N* plane) remains constant. That is more or less what happens in the GDP context of Brazilian cities. It suggests an equilibrium situation, or at least that this urban variable is in a mature state inside the system.

![Schematic drawing representing the plane ln *Y*-x-ln *N* with two scenarios for the external vectors.\
Magnitude of the external vector as a function of population size for every single Brazilian municipality in our subset. In the first scenario (on the right), the magnitude of the external vectors is the same regardless of city size; implying that the slope of the fit line (in ln *Y*-x-ln *N* plane) remains constant from *t* to *t* + Δ*t*. That is more or less what happens in the GDP of the Brazilian municipalities, revealing that this urban variable is in a mature state in the system. In the second scenario (on the left), the external vector is smaller for bigger cities, which implies that the slope of the fit line decreases with time (from *t* to Δ*t*). That is apparently the case for the water network length of the Brazilian municipalities, suggesting that this urban metric is not mature in the system.](pone.0233003.g009){#pone.0233003.g009}

In the second scenario, the external vector is smaller for bigger cities, which implies that the slope of the fit line decreases over time. That is apparently the case for the water networks of Brazilian cities. One possible explanation is that the system is still out of equilibrium. That is, water networks in many cities in Brazil are not sufficiently developed yet, and might converge into equilibrium (when the magnitude of the external vector of all cities will be around an average value) given enough time.

It is interesting to see these facts through the lens of Pumain et al.'s theory \[[@pone.0233003.ref014]\], which says that a system of cities is formed through a hierarchical diffusion of innovations: innovation processes start in bigger cities and then diffuse to smaller ones. They would lead to different time dynamics for bigger and smaller cities concerning certain urban metrics, such as water network length. Interpreting our concept of the external vector through Pumain et al.'s theory, one could argue that some technologies required for water networks were initially deployed in bigger cities and then progressively diffused throughout the urban system. The relatively small external vector for bigger cities would be saying that such technologies are still in the diffusion process stage. In any case, in order to have a better understanding of that process, further research is necessary, which can be achieved by following the evolution of more urban variables.

Conclusions {#sec011}
===========

Urban scaling has been seen as a crucial phenomenon to understand cities. For larger population sizes, critical variables like socioeconomic output would grow at more than proportional rates, while others like urban infrastructure would grow at less than proportional rates. The mechanism to explain this was linked to properties of networks at the heart of urban density and diversity, triggering increasing returns to scale in the economy and scale economies in infrastructure. This scaling pattern has been observed across large groups of different cities in particular periods ('transversal' or 'cross-sectional' scaling). However, would an individual city growing in time ('longitudinal' or 'temporal' scaling) follow the same scaling pattern? This paper searched for an answer to this question.

Transversal and longitudinal scaling patterns in cities are intuitively expected to converge. That seems to make sense, since urban scaling in both longitudinal and transversal contexts are intrinsically related phenomena tied by their statistical nature. But do they actually mirror each other or can be reduced to one another? Do they behave similarly even for different urban metrics? The present work assessed the extent of their compatibility, exploring the context of a developing economy. In short, we verified under which conditions transversal (*β*~*T*~) and longitudinal (*β*~*i*~) scaling exponents are similar and where we could expect discrepancies.

In order to analyze the conditions of compatibility between longitudinal and transversal scaling exponents, we introduced a theoretical formulation based on vector fields, first to separate *internal* from *external* factors active in the urban metrics, and then to yield a quantitative relationship between *β*~*T*~ and *β*~*i*~. This theoretical framework was then confronted with empirical evidence of the time evolution of GDP and water network length of Brazilian cities. We analyzed scaling dynamics of 5507 Brazilian cities and conurbations, aggregated as contiguous urban agglomerations from the totality of 5570 municipalities.

As a result, we found signs of a relationship between the longitudinal and transversal exponents, provided that certain conditions are met. The theoretical approach suggests that these exponents will be numerically equal only in urban systems under the following conditions: i) abstracting external factors in city dynamics; ii) stability of the transversal exponent throughout the system; and iii) cities with a significant growth rate.

The first condition can be understood as an ideal situation since in practice it would be impossible to find a city completely isolated from the rest of the system. The equation obtained allows us to conclude that in practice the longitudinal exponent for cities with sufficient growth will always be greater than the transversal exponent, a fact that is observed empirically. The second condition can be understood as a consequence of a mature or a stable system concerning a specific urban metric. The third condition establishes specific terms for the longitudinal scaling analysis to attain empirical sense. Therefore, in longitudinal analysis, scaling laws will only be properly manifested in cities with a sufficiently large population, and they are not suitable to be observed in small cities. This is a direct consequence of the fact that urban scaling laws, in both longitudinal and transversal contexts, are phenomena of an intrinsically statistical nature.

Our results suggest that longitudinal (temporal) scaling exponents are city-specific. However, they are distributed around an average value that approaches the transversal scaling exponent when the conditions above are met---but not for every urban metric. For example, in the case of GDP, which has a relatively constant transversal scaling exponent in the analyzed period, the removal (decomposition) of external factors leads us to a distribution of longitudinal exponents around the expected value of the transversal exponent. On the other hand, in the case of the water network length, which may have a transversal scaling exponent out of balance in a developing economy, the decomposition of external factors leads us to a non-coherent situation between longitudinal and transverse scaling exponents. Adding more nuance to the scaling dynamics, the relationship between *β*~*i*~ and *β*~*T*~ for both GDP and water network length gets closer only when we consider cities with significantly high growth rates. This happens because cities with low population growth present unstable or divergent longitudinal scaling exponent values, adding noise or complexity to the relationship.

Finally, our mathematical formulation of vector fields, in line with Puiman et al. \[[@pone.0233003.ref014]\], provided a hypothesis about the temporal dynamics of water network length in a developing economy like Brazil. Our analysis showed that the transversal scaling exponent for this metrics has decreased in time, and that the vector associated with external factors is larger (in average) in smaller cities, suggesting that the diffusion of technologies involved in the construction of water networks have not fully reached small cities yet, being still underway. Based on Pumain et al.'s theory, we can argue that the system will converge (*β~T~* became constant) when the external vector for both smaller and greater cities are similar (in average), and the system comes into equilibrium, completing the diffusion process.

Theory and empirical evidence suggest that transversal and longitudinal scaling are intrinsically related, as the temporal evolution of individual cities leads to general states of the urban system. However, divergences between temporal and cross-sectional scaling exponents suggest that there is more complexity to the systemic behavior of cities than a single general scaling law could account for (cf. \[[@pone.0233003.ref047]\]). The longitudinal analysis allows us to see differences in the behaviour of cities within the overall pattern, particularly related to size: which urban population sizes are likely to obey or add instability to the scaling law. It also allows us to consider differences in scaling behavior related to the nature of urban variables and how they materialize in time. Finally, it makes room for the role of external factors such as public policies, state of development and macroeconomic behavior---important contextual factors that add complexity to the effects of scaling. Instead of asserting a hallmark for an emerging field, these findings open up new possibilities in the research of scaling effects, including further exploration of urban variables and regional contexts.

SM1---Supplementary Material 1 {#sec012}
==============================

One can find attached the spreadsheet generated by data mining of the website of the *Brazilian Institute of Geography and Statistics (IBGE) and the water-sewage-waste companies national survey (SNIS). In this spreadsheet, one can find population size, GDP (from the year 1999 to 2014), and water network length (from the year 1995 to 2015), for all 5570 Brazilian Municipalities. This spreadsheet has all the necessary data to replicate the results of our study in its entirety*.

SM2---Supplementary Material 2 {#sec013}
==============================

Video presenting the time evolution of the GDP for Brazilian Southwestern cities. The points that represent cities are in an apparently chaotic movement around the slop of the red line, obtained by the best fit of the power-law function, and maintaining itself practically constant. The video is available at: <https://www.youtube.com/watch?v=2sP-J7fdN_c>.

Supporting information {#sec014}
======================

###### 

(ODS)

###### 

Click here for additional data file.

###### 

(MKV)

###### 

Click here for additional data file.

We are deeply saddened to share with the urban science community the unexpected passing of our coauthor and dearest friend Joao Meirelles. Joao was a young and kind person, and a most promising talent. We will miss you, Joao.

We would like to acknowledge all colleagues from the Mathematical Department of City, University of London, where most of the analytical work for this article was done. FLR acknowledges members from CASA-UCL, especially the stimulating discussions with Elsa Arcaute during his sabbatical year in 2017.

An earlier version of this work was published in arXiv on 4 Oct 2019.
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Reviewer \#1: PLOS One Review for Article

On the relation between transversal and longitudinal scaling

in cities

The paper looks at scaling behavior for 5507 municipalities - individual municipalities within cities are not whole urban units, and therefore the geographic definitions should be argued for and justified.

In author summary: the authors write: \"while others like urban

infrastructure would grow at a slower rate\". this should be rewritten as \"while others like urban infrastructure would grow but at less than proportional rates\" (making the sublinear pattern clear). Similarly, \"socioeconomic output would grow at a higher pace\" should be something like \"socioeconomic output would grow at a more than proportional rate\".

Is a municipality the same as a neighbourhood within a city, or an entire city? Explain upfront.

The authors say \"The 28

universality proposition has been challenged \[26--28\], but most evidence seem to confirm 29

the generality, while exceptions are normally explained by local 30

particularities \[10, 18, 29, 30\].\" This is too strong and early to claim. For example, several research papers old and new show in fact that the population variable alone is insigniifcant in regressions when industrial or occupational organizations are considered, or statistical models other than the scaling model equally well explain the data. This statement thus needs to be softened - saying that this is as yet an open question, both domain wise and methodologically and theoretically:

Scaling and Hierarchy in Urban Economies, <https://arxiv.org/abs/1102.4101>

Evidence for localization and urbanization economies in urban scaling, <https://arxiv.org/abs/1910.07166>

Leitao, J. C., Miotto, J. M., Gerlach, M. and Altmann, E. G. 2016. Is this

scaling non-linear? Royal Society Open Science 3: 150649.

Again, this is too naive: the total amount of social interactions between its citizens would 33 guide, to a great extent, the city towards the observed scaling behavior: economic and social organizations could be very different given the same group sizes or interaction densities. This claim seems to suggest that a 100 school teachers interacting is the same as a 100 finance and bankers interacting, and it simply does not matter what is being interacted upon!

This 34

proposition is unprecedented in urban science and the identification and validation of 35

such universal dynamics could help urban policymakers to identify opportunities and 36

improve the life quality of dwellers.

The above is too vague and no claims on policy should be made without a deep and direct connection to how such (still dubious, open or unconfirmed) findings can actually help policy.

Overall, there is a crucial question that is missing here, and at least a qualitative discussion should be added to address this issue: the scaling equations as they currently stand, show only growth - which is fine as an approximation as far as transversal systems of cities are concerned. However, when it comes to individual cities, they can also \"die\" - in the sense that there is a process of growth, but there is also a process of decline and death. In such a case, do the authors hypothesise that declining populations and their corresponding urban variables would fit on the same law? Detroit? Etc.

Materials and Methods

Repeat but very important issue: for following point: The data presented here refer to 5507 Brazilian municipalities, with contiguous dense 79

surrounding areas aggregated in single spatial units from the totality of 5570 Brazilian 80

administrative divisions\...please provide justification that these can be considered as individual cities (why? - daily commute lengths are contained / population numbers / densities\...what is the basis for defining each as an individual city, and how is this a reliable basis). The results in the entire paper rest on this crucial point.

Figure 1: beta as 1.04 by the maximum likelihood method, which maximum likelihood method? Provide reference. Also, 1.04 is only mildly superlinear, so strong claims on super linearity will not hold.

Results:

The authors should present some hypotheses and discussions on why they think that GDP (which is an economic variable) and the water supply network, which is a physical variable, should show differing relationships when compared with the transversal.

They make the beginnings of this in considering city growth rates - but the main question is why does an economic variable behave different to a physical infrastructure variable?

Theoretical section:

The formal part presented in the theoretical section is clear and nicely laid out. However, what I was not able to understand is - there are also old and established economic theories that discuss the growth of cities (for example, the entire body of work by Henderson, Gabaix, Krugman, Thisse, Fujita, Ogawa\....) - how does the current naive physics of vector fields (which is not very physically motivated, but is a very \"data\" based perspective) relate to the previous work done in detail on these questions? At present, the work feels overall like a naive exploration of data.

Reviewer \#2: This paper describe the relation between what the authors called transversal and longitudinal scaling in cities, this is, the relationship of urban metrics with population for cross-sectional data (same time) and temporal data (same city evolving with time). This is a hot topic and has recently picked the attention of people working in the \"science of cities\" and I think this paper should be eventually published in some form, as it offers more insights into this problem. I think, however, some of the recent debates on this topic are missing in this version of the manuscript.

My only recommendations are the following:

1\) The authors include a discussion about the following paper:

\- The Interpretation of Urban Scaling Analysis in Time (<https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3459540>);

2\) The sort of similar study (though with a different perspective) also looked at the evolution of urban scaling for several urban indicators for Brazilian data.

\- Scale-Adjusted Metrics for Predicting the Evolution of Urban Indicators and Quantifying the Performance of Cities (<https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0134862>)

The authors could include a comment about this paper and explain the possible relation of its findings with your results.

There are some typos that should be fixed. For instance, page 7, \"quantity Whose\" or page 9, \"the external Vector\".

Apart from that, I am happy with the current version of the manuscript and a would recommend it for publication after fixing the above points.

\*\*\*\*\*\*\*\*\*\*

6\. PLOS authors have the option to publish the peer review history of their article ([what does this mean?](https://journals.plos.org/plosone/s/editorial-and-peer-review-process#loc-peer-review-history)). If published, this will include your full peer review and any attached files.

If you choose "no", your identity will remain anonymous but your review may still be made public.

**Do you want your identity to be public for this peer review?** For information about this choice, including consent withdrawal, please see our [Privacy Policy](https://www.plos.org/privacy-policy).
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\[NOTE: If reviewer comments were submitted as an attachment file, they will be attached to this email and accessible via the submission site. Please log into your account, locate the manuscript record, and check for the action link \"View Attachments\". If this link does not appear, there are no attachment files to be viewed.\]

While revising your submission, please upload your figure files to the Preflight Analysis and Conversion Engine (PACE) digital diagnostic tool, <https://pacev2.apexcovantage.com/>. PACE helps ensure that figures meet PLOS requirements. To use PACE, you must first register as a user. Registration is free. Then, login and navigate to the UPLOAD tab, where you will find detailed instructions on how to use the tool. If you encounter any issues or have any questions when using PACE, please email us at <figures@plos.org>. Please note that Supporting Information files do not need this step.
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